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This paper presents a systematic methodology for the synthesis of global gain-scheduled controllers for nonlinear

time-varying systems. A controller of this type is used to compute the pitch-axis autopilot of an air–air missile. The

missile model used is considered a benchmark for testing autopilot controllers in the academic and industrial

communities. The missile’s dynamics are linearized at a small set of operating points for which proportional–

integral/proportional-type controllers are designed, to shape the frequency response of the linear plants’ dynamics.

A new set of operating points is computed afterward using the connection between the gap metric and theH1 loop-

shaping theory. Then, reduced-order, static, H1 loop-shaping controllers are designed for this set of points using

linear matrix inequality optimization techniques. Finally, the global gain-scheduled controller is obtained by

interpolating the proportional–integral/proportional and the loop-shaping controllers’ gains over themissile’s flight

envelope. The simulation results given show the generality and effectiveness of the proposed control strategy in terms

of the operating point selection, stability, performance and robustness, of the closed loop.

I. Introduction

O NE of the most important methods of dealing with the control
of nonlinear time-varying systems is gain scheduling. This

method is often preferred over pure nonlinear ones due mainly to its
generality, simplicity, and ease of implementation, although it does
not always provide controllers that guarantee closed-loop stability
and performance. Its advantages are mainly due to the abandonment
of the original nonlinear controller construction problem in favor of a
linear controller-based one.

Twomain methods for the synthesis of gain-scheduled controllers
exist: the linear parameter varying (LPV) based one and the
linearization-based one. The LPV-based method synthesizes con-
trollers for the nonlinear plant by reformulating it as a linear time-
varyingmodel. Thismethod is extensively studied and gives stability
guaranties in the cases in which it succeeds in finding a controller.
The linearization-based method uses linear time invariant (LTI)
models of the nonlinear plant and can be decomposed into three
separate stages [1,2]. First, an appropriate vector of variables (or
scheduling vector), %, characterizing the operating domain of the
original nonlinear plant is chosen. The operating points of the plant
are then parameterized in terms of this vector, and the nonlinear
system is linearized at these points. Second, the linear models
obtained during the first step are fed to a suitable LTI controller
computation machinery (e.g., H2 or H1 synthesis). The LTI
controllers computed stabilize and guarantee the performance of the
nonlinear plant at the vicinity of each operating point. Third, a global
nonlinear gain-scheduled controller is obtained by blending the LTI
controllers according to the scheduling vector that ismeasured in real
time. Various methods exist to blend the LTI controllers, such as
state-feedback/observer-gain interpolation, state-space matrix
interpolation, controller signal blending, transfer function coefficient
interpolation, zero-pole-gain interpolation, or simple controller
switching (see [1,2] and the references therein).

The use of gain scheduling for the control of real-world systems is
appreciated for different reasons. First, this technique is attractive
because accuratemathematicalmodels are unavailable or impractical
for such systems and the resulting model uncertainty can be treated
by computing the LTI controllers using suitable robust control
synthesis techniques. Second, given that the plant’s dynamics
depend heavily on the scheduling vector (such as altitude and speed
for aeronautical systems), an adaptive controller scheme being
updated using this vector seems straightforward. Third, from a
computation/ implementation point of view, gain scheduling is
particularly suited for real-world application due to the controller’s
easy online computation. Indeed, to calculate the nonlinear control
law, there are only two things needed: a collection of LTI controllers,
and an interpolation strategy properly parameterized by the
scheduling vector. Thus, a gain-scheduling controller needs few
resources to be implemented in a real-world system.

Gain-scheduling schemes have been widely applied, particularly
onmissile autopilot design problems, due to the advantages that they
present. LPV-based methods using linear matrix inequality (LMI)
formulation are analyzed in [3], whereas those using linearization-
based gain scheduling are analyzed in [4,5], with both offering
stability guaranties. Ad hocmethods based on the latter method have
also been used over the years, each one performing well for the
problem that was used [6–13]. Here, a gain-scheduling autopilot for
the pitch axis of an air-to-air missile is designed using linearization-
based gain scheduling. The contribution to the existing practice is
threefold and is connected to the stages of gain-scheduling control
already described: synthesis point selection/parameterization, LTI
controller computation, and global controller construction by
interpolation.

As far as synthesis point selection is concerned, it is clear that a
systematic procedure is preferable over an ad hoc one. Indeed, the
performance of the final nonlinear controller could be greatly
affected by an overgridding (greater computation time) or an
undergridding (failure to capture the nonlinear plant’s dynamics) of
the scheduling vector space. To overcome this problem, the notion of
the gap metric and its connection to robust loop-shaping theory is
used [14]. A “hands off” algorithm for finding an appropriate
gridding for the scheduling vector space is devised using the
robustness margin associated to shaped linear plants over the flight
envelope.

This systematic procedure dictates a family of operating points for
which robust LTI controllers for the shaped LTI plants are computed
to increase their robustness margins. The loop-shaping controllers
computed are static, output feedback ones, so as to keep a simple
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structure for the control scheme; indeed, this is a major issue for a
gain-scheduled controller when it comes to implementation. The
general static, output feedback or fixed-order controller design is an
open problem; however, LMI-based sufficient conditions can be
derived [15] to synthesize suboptimal static H1 output feedback
controllers based on the McFarlane and Glover loop-shaping
formulation [16].

Finally, as far as interpolation is concerned, a systematic
interpolation method is devised to adapt the gain matrices of the
controllers throughout all the missile’s flight envelope. This method
is based on Delaunay triangulation of the scheduling vector space to
create interpolation regions automatically, after the synthesis points
are selected. Given that the scheduling vector space of the missile is
two dimensional, a triangular interpolation is more elegant than the
trapezoidal or rectangular one used in most cases.

The paper is organized as follows. In Sec. II, the missile’s
nonlinear mathematical model is given and the autopilot problem is
formulated. In Sec. III, the operating points are parameterized in
terms of the scheduling vector and the nominal control is computed.
Additional issues concerning the flight envelope are also covered. In
Sec. IV, the plant is linearized around a small number of equilibrium
points and, after a brief review of classical loop-shaping theory, the
initial proportional–integral/proportional (PI/P) shaping filters are
designed. Then, the gap metric notion is used to calculate the final
synthesis points on the flight envelope via an iterative algorithm and,
finally, static H1 loop-shaping controllers are designed for these
points. In Sec. V, the structure of the global nonlinear gain-
scheduling controller is discussed, whereas, in Sec. VI, extensive
simulation results of the proposed control scheme are given.

II. Autopilot Problem Formulation

A. Missile Mathematical Model

The mathematical model of the missile used here [6] describes the
dynamics of a highly maneuverable air-to-air missile around its pitch
axis, where its state vector x is the angle of attack (AOA) � and its
pitch rate is q. The task for the autopilot is to make sure the missile’s
vertical acceleration, �, tracks varying amplitude reference signals,
�r, using the missile’s rudder deflection angle, �. (From now on the
subscripts c, r, f, and � will denote the commanded, reference,
filtered, and difference variables, respectively.) The rudder is in turn
controlled by an actuator, and � follows rudder angle commands, �c,
provided by the autopilot. The measured variables are the missile’s
vertical acceleration and pitch rate as well as its Mach number.
Finally, the model is valid for 1:5 � M � 3 and �20 deg �
� � 20 deg; � and M thus form the missile’s flight envelope. The
state dynamics are given by

_��t� � K�M�t�C����t�;M�t�; ��t�� cos��t� � q�t� (1)

_q�t� � KprM
2�t�Cpr���t�;M�t�; ��t�� (2)

whereas the output dynamics are given by

��t� � K�M2�t�C����t�;M�t�; ��t�� (3)

The functions C� and Cpr are either available from aerodynamic
data tables or as polynomial functions of the AOA, tail deflection
angle, and Mach number (explicit dependence on time for the
functions or variables will be droppedwhen necessary for the sake of
simplicity):

C���;M; �� � C	���;M� � dn��180=���� (4)

Cpr��;M; �� � C	pr��;M� � dm��180=���� (5)

with

C	���;M� � sgn���
�
an

����180� �

����
3

�bn
����180� �

����
2

�cn
�
2 �M

3

�����180� �

����
�

(6)

C	pr��;M�

� sgn���
�
am

����180� �

����
3

�bm
����180� �

����
2

�cm
�
�7� 8M

3

�����180� �

����
�

(7)

The actuator dynamics are modeled as follows:

���t� � 2�!a _��t� � !2
a��t� � !2

a�c�t� (8)

Finally, the Mach dynamics are given as follows:

_M�t�� 1

�s
��j��t�j sin j��t�j �AxM2�t� cos��t��; M�0��M0

(9)

The various constants appearing in Eqs. (1–9) are shown in Table 1.

B. Autopilot Performance and Robustness Specifications

The autopilot specifications are given in terms of performance and
robustness. There are two performance goals to be achieved: good
tracking characteristics (P1), and small missile rudder deflection
rates (P2). There are also two goals for robustness: robust stability
under aerodynamic coefficient variation (R1), and high-frequency
open-loop gain attenuation for the autopilot to avoid exciting
unmodeled structural dynamics (R2). The specifications are taken
from [6]:

P1: Track step commands in �r of various amplitudes with a time
constant of � � 0:35 s and overshoot Mp � 10% and steady-state
error ess � 1%.

P2: The maximum deflection rate, _�max, of the missile’s rudder
angle should not exceed 25 deg =s for 1g step commands of �r for
the missile’s flight envelope.

R1: The missile should exhibit robust stability for all its flight
envelope with the coefficients (am, bm, and cm) and dm varying
independently around their nominal values by 25%.

R2: The linearized system should maintain at least a 30 dB
attenuation at 300 rad=s for the gain amplitude of the obtained
transfer function when the loop is opened just before the actuator.

III. Flight Envelope Parametrization

A. Nominal Control

The global nonlinear control law providing the rudder command
angle, �c, consists of two separate signals: the nominal control signal,
�r, and the closed loop error signal, ��. Their combined action ensures
correct tracking of the reference signal, �r (see Fig. 8).

The nominal control signal, �r, depends on the output, Mach
number, and AOA and can be computed from Eq. (3):

Table 1 Missile model coefficients

Constant Value Unita

K� 0.0206898 s�1

Kpr 1.2319409 s�2

K� 0.6662393
an 0.000103 deg�3

bn �0:00945 deg�2

cn �0:1696 deg�1

dn �0:034 deg�1

am 0.000215 deg�3

bm �0:0195 deg�2

cm 0.051 deg�1

dm �0:206 deg�1

� 0.7
!a 150.0 rad=s
�s 315.89472 m=s
Ax �1:9607424
aThe constants are from [6] and are converted to SI
units.
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�r��r;M; �� �
�r

K�M
2 � C	���;M�
dn�180� �

(10)

supposing that the system operates around an equilibrium-reference
point ( _qr � 0).

The Mach number, considered as a variable and not as a state,
varies slowly during reference point operation, making �r time
dependent. From the following analysis, it will be demonstrated that
the state corresponding to a given �r is also time varying due toMach
variation. The nominal control, �r, as a function of �, cannot be
computed directly from Eq. (10) because � is unavailable for
feedback. Thus, it must be computed only as a function of known
quantities, namely, the scheduling vector %� � �r M �.

Given that the Mach number varies slowly, an equilibrium state
could be assigned for any constant output reference value �r and, as a
result, the left-hand sides of Eqs. (1) and (2) go to zero. Replacing the
expression for �r��r;M; �� from Eq. (10) into Eq. (2), the following
equation for � is obtained as a function of the scheduling vector
components:

C	pr��;M� �
dm
dn
C	���;M� �

1

K�

dm
dn

�r
M2
� 0 (11)

Equation (11) is polynomial of the third order in � and can be solved
explicitly by the classic method of Cardano. For both positive and
negative values of �r, the solutions are symmetrical and only one of
the three has a physical sense. Having obtained � as a function of the
scheduling vector %, the nominal control �r��r;M� can be computed
from Eq. (10) (see Fig. 1). Finally, the corresponding value q��r;M�
is found by substituting Eqs. (10) and (11) into Eq. (1) and supposing
that _�� 0.

B. Flight Envelope

In Sec. III.A, the nominal control �r�%� is computed without
considering any limitations on�, thus resulting in a rectangular flight
envelope (see Fig. 2). However, limitations on � do exist
(�20 deg � � � 20 deg) and must be translated into limits on � by
solving Eq. (11) for �r considering the extremal values ��

20 deg for every 1:5 � M � 3, thus resulting in an admissible �-
parameterized flight envelope of nonconvex trapezoidal form (see
Fig. 2).

In Fig. 2, this �-parameterized envelope is shown (white
trapezoidal symmetric regions) along with two approximations; the
aforementioned rectangular and a convex trapezoidal. The two
shaded regions together represent the total redundant surface if the
first approximation is used, as in most works. The small darker
shaded region alone (finally retained) shows the redundant surface if
the second convex approximation is considered.

IV. Linear Time Invariant Controller Synthesis

A nonlinear gain-scheduling controller is, in general, computed
using linear controllers computed around a number of operating
points of the nonlinear system (see [1,2] for more details on
linearization-based gain scheduling). In Sec. IV.A, the procedure of
obtaining these linear models is described for any chosen operating
points. In Secs. IV.B–IV.D, the procedure of computing linear
controllers is detailed, whereas, finally in Sec. IV.E, the algorithm
used to choose these operating points is presented.

A. Model Linearization

The missile’s equilibrium operating points have been para-
meterized in Sec. III.A, whereas its flight envelope has been obtained
in Sec. III.B by means of the scheduling vector %. Now, LTI models
of the missile’s nonlinear model will be calculated for every
candidate operating point inside the flight envelope.

For any reference value of the scheduling vector %r, an output-
parameterized LTI model of the missile is computed as in Eqs. (12)
and (13), with f: R2 ! R2, h: R2 ! R being the nonlinear
functions of the state and the output (right-hand sides of Eqs. (1–3),
respectively):

_x� �rxf�%r�x� �r�f�%r��� (12)

�� �rxh�%r�x� �r�h�%r��� (13)

The difference quantities x�, ��, and �� are defined as

x� � x � x�%r� (14)

�� � � � ��%r� (15)

�� � � � �r (16)

After calculating the derivatives in Eqs. (12) and (13), the
following matrices are obtained (the pitch rate q being also an
output):

A�%r� � rxf�%r� �
A11�%r� 1

A21�%r� 0

� �
(17)

B�%r� � r�f�%r� �
B11�%r�
B21�%r�

� �
(18)

C�%r� �
rxh�%r� 0

0 1

� �
� C11�%r� 0

0 1

� �
(19)

Fig. 1 Nominal control surface.

Fig. 2 Missile flight envelope.
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D�%r� �
r�h�%r�

0

� �
� D11�%r�

0

� �
(20)

The evolution of the matrix elements in Eqs. (17–20) as a function of
the scheduling vector % is demonstrated in Fig. 3; it can be observed
that the evolution is smooth enough to justify a gain-scheduling
control procedure.

The transfer functionG� (from �� to ��) has unstable dynamics for
high and low values ofM and �r, respectively, and stable but badly
damped dynamics with nonminimum phase zeros for the rest of the
flight envelope. The transfer function Gq (from �� to q�) has similar
dynamics without the nonminimum phase zeros.

B. Loop-Shaping Design Procedure

Themethod used in this paper to compute linear controllers for use
by the gain-scheduled controller is based heavily on the loop-shaping
procedure of McFarlane and Glover that appears in [16–18].

For a shaped LTI system Gs, a robust, output feedback, dynamic
H1 controllerK1 can stabilize the plant and, in addition, maximize
the closed-loop robustness margin �max associated with norm-
bounded additive uncertainties on the system’s left normalized
coprime factors (NCFs). This control strategy has proven to be very
effective and can be decomposed into three distinct steps.

Step 1: Loop-Shaping. The initial open loop system transfer
function G (here it is G� �G� Gq �T) is augmented by
appropriate pre/postfilters W1 and W2 to achieve the per-
formance (andmaybe some stability) requirements, shaping the
open-loop singular values ofG. This can be done using a variety
of control synthesis techniques, leading to a shaped-augmented
plant Gs �W2GW1 (see Fig. 4).
Step 2: Robustness Verification. The associated robustness
margin �max achieved using Gs from the previous step is
calculated. If �max � 1, then the shaping procedure was not
successful and the filtersW1 andW2 should be readjusted. Note
that, for the NCF case, the margin �max is calculated directly via
the Hankel norm of the coprime factor decomposition ofGs in a
noniterativemanner. As a result, there is no need to calculate the
H1 controller K1 before deciding on the finalW1 andW2.
Step 3: Controller Computation and Implementation. For
�≲ �max, calculate a suboptimal H1 controller K1 that
robustly stabilizesGs in the face of norm-bounded, additive, left
NCF uncertainties, with a stability margin �. Implement the
final controller Ks as the series interconnection of the prefilter

W1, the robust controller K1, and the postfilter W2, that is,
Ks �W1K1W2 (see Fig. 4).

For the sake of simplicity, the filtersW1 andW2 are computed only
at a small number of prechosen operating points, whereas an
interpolation is used for any other operating point. These controllers,
corresponding to steps 1 and 2, are computed in Sec. IV.C.

The H1 controllers of step 3 are presented in Sec. IV.D. In the
classical procedure of McFarlane and Glover [16], the resulting
dynamic loop-shaping controllersKs are of an order greater than the
plant G. This is a major drawback, especially for gain-scheduling
control schemes, because such controllers are difficult to implement.
To overcome this inconvenience, static H1 output feedback
controllers are considered in their place, following [15].

C. Proportional–Integral/Proportional Controller Computation

In this section, the shaping filters W1 and W2 of step 1 from
Sec. IV.B are computed for any linearizedmodelG of themissile. As
mentioned earlier, the open-loop frequency response of the missile
must be shaped, for any chosen point inside the flight envelope, to
compute theH1 controllers of Sec. IV.D. This frequency shaping is
done using PI/P-type controllers in order for W2 to exhibit the
minimal level of complexity.

An inner-loop P controller Kq is first added using pitch rate mea-
surements, and a PI controller, GPI � Kp � �Ki=s�, is then used to
regulate the tracking error, forming an outer-loop as in Fig. 5. These
two controllers form W2, whereas W1 is formed using only the
actuator’s transfer function Ga.

Fig. 3 Matrices of the LTI models.

Fig. 4 Loop-shaping procedure block diagram.
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To compute the gains Kq, Kp, and Ki of W2 at every synthesis
point, the Simulink® Control Design coupled with the Simulink®
Response Optimization toolboxes of MATLAB® are used. Time
constraints on the output’s step response are imposed in terms of
response time, time constant, maximum overshoot/undershoot,
and steady-state error. The nine operating points used and the
corresponding gains are shown in Table 2 and the gain surfaces in
Fig. 6. For the rest of the flight envelope, the gains forming W2 are
obtained using trapezoidal interpolation of the gain triplets computed
initially. In this way, the shaping filters are not the optimal choice for
any other operating point, but complexity is reduced.

D. Static Loop-Shaping Controller Computation

As remarked in Sec. IV.B, a dynamic loop-shaping controller is
not desirable because it is more difficult to interpolate and/or to
implement. Because of this fact, a static controller is used; however,
the corresponding synthesis problem is nonconvex and, thus,
difficult to solve. Iterative methods to either render the problem
convex (though not guaranteeing a global solution) ormethods based
on sufficient conditions (though making the problem conservative)
can be used. Here, a recently investigatedmethod appearing in [15] is
applied, leading to a static controller K1 2 R2�1.

Consider the already-shaped plant Gs �
A B
C D

� �
with

A 2 Rn�n, B 2 Rn�m, C 2 Rp�n, and D 2 Rp�m, its minimal left

NCF ~N ~M
� �

� A� LC B� LD L
E�1=2C E�1=2D E�1=2

� �
, and the general-

ized plant corresponding to the McFarlane and Glover loop-shaping
procedure,

P�
A �LE1=2 B
0 0 I
C E1=2 D
C E1=2 D

0
BB@

1
CCA (21)

The matrices in P are defined as E� I �DDT , L�
��BDT � ZCT�E�1, and F� I �DTD, with Z� ZT 
 0 being
the unique stabilizing solution of the following algebraic Riccati
equation:

�A � BF�1DTC�Z� Z�A � BF�1DTC�T

� ZCTE�1CZ� BF�1BT � 0 (22)

The following theorem [15] gives sufficient conditions for the
existence of robust stabilizing staticH1 output feedback controllers
for the shaped plant Gs and also ensures���� K1

I

� �
�I �GsK1��1 ~M�1

����
1
<	 (23)

Theorem 1. Let L���BDT � ZCT�E�1, where Z� ZT 
 0 is the
solution to the aforementioned ARE [Eq. (22)]. There exists a
stabilizing static controller K1 as in Eq. (23), if 	 � ��1 > 1 and if
there exists R� RT > 0 satisfying the following LMIs:

�A� LC�R� R�A� LC�T < 0 (24)

AR� RAT � 	BBT RCT � 	BDT �LE1=2

CR � 	DBT �	E E1=2

�E1=2LT E1=2 �	Ip

0
@

1
A < 0 (25)

It should be remarked that Eq. (24) gives a sufficient condition
for the existence of the static controller K. This is done by omitting
a nonlinear term, �	RCTE�1CR, and, thus, convexifying the
synthesis problem. As a result, Eqs. (24) and (25), form a system of
LMIs in 	 and R and a static controller may be computed after the
verification of these feasibility conditions. These inequalitiesmust be
optimized for 	 attaining a 	 > 	min always.

Given that �max � 1=	min maybe computed before the controller is
actually constructed (see step 2 from the loop-shaping procedure of
Sec. IV.B), the actual 	 obtained from the optimization procedure
and 	min can be compared.

Finally, using the bounded real lemma (and after the feasibility
constraints are met), the final static controller K1 (step 3 from
Sec. IV.B) may be calculated as

K1 �� ~K�I �D ~K��1 (26)

where ~K is obtained by solving the following LMI:

~A� ~B ~K ~C�� ~B ~K ~C�T < 0 (27)

with ~A, ~B, and ~C being given by

~A�

AR� RAT 0 RCT �LE1=2

0 �	Im 0 0

CR 0 �	Ip E1=2

�E1=2LT 0 E1=2 �	Ip

0
BB@

1
CCA (28)

~B�

B
Im
D
0

0
BB@

1
CCA (29)

~C� �CR 0 0 E1=2 � (30)

E. Operating Point Choice Using the Gap Metric

In this section, the connection between the robust stabilization
procedure of Sec. IV.B and the gap metric is reviewed, permitting us
to devise an algorithm to calculate the static controller synthesis
points.

The gap metric in the control literature is due to Zames and
El-Sakkary [14], and the connection between robustness optimi-
zation under NCF uncertainties and robustness optimization under
the gap metric is due to Georgiou and Smith [19].

Fig. 5 PI/P controller synthesis block diagram.

Table 2 PI/P controller gains per synthesis point

Point ��r;M� Kp Ki Kq

P1 [0,1.5] 0.1217 0.2683 �0:351
P2 [4.79,1.5] 0.09 0.6614 �0:464
P3 [9.59,1.5] 0.077 0.7742 �0:4846
P4 [0,2.25] 0.0373 0.0596 �0:1791
P5 [10.48,2.25] 0.0208 0.2782 �0:2394
P6 [20.97,2.25] 0.0156 0.3221 �0:2524
P7 [0,3] 0.0322 0.0014 �0:21
P8 [16.17,3] 0.0068 0.1311 �0:1392
P9 [32.35,3] 0.0041 0.1602 �0:1516
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The gap metric �g is defined as the distance between the graphs of
two LTI systems, G and G�. Its computation is easily done by
solving two standard double block H1 problems, resulting in 0 �
�g�G;G�� � 1 always. In addition, the gap metric is a measure of
how much plant uncertainty a feedback controller can tolerate. The
following theorem [19] gives necessary and sufficient conditions for
the gap betweenG andG� on the one hand and, on the other hand, the
extent that a controllerK1 stabilizes a right coprime factor perturbed
plant G�, given that it robustly stabilizes a nominal plant G.

Theorem 2. Consider a nominal plant G with a right NCF G�
NM�1 and a controllerK1 that robustly stabilizes it. Take a number �
with 0< � � 1. Then the following two statements are equivalent:

1) The pair �G�; K1� is stable for all G� with
G� � �N ��N��M��M��1, where �M, �N 2 RH1 and

����
�
�M

�N

�����
1
<�

2) The pair �G�; K1� is stable for all G� with �g�G;G��< �.
Because of Theorems 1 and 2, an algorithm for the choice of

controller synthesis points may be devised using the gap metric,
keeping always in mind that an optimal controller for coprime factor
perturbations is optimal for both left and right factorizations, even
though the two types of uncertainty generate different classes of
perturbed plants [19]. The latter fact is pointed out because, in
Theorem 1, the robust staticH1 controllersK1 are computed for left
NCFs of the plant, whereas, in Theorem 2, the connection between
these controllers and the gap metric is in terms of right NCFs. The
algorithm proceeds as follows:

Step 1: Initialization. Choose an equidistant gridding over the
one dimension of the flight envelope. Here the Mach number is
used because the gap does not vary significantly overM; thus, a
set of values SM � �M1;M2; . . . ;Mk� is obtained. Then take as
an initial operating pointPj the one corresponding to �� 0 and
M�M1.
Step 2: Loop Shaping. For the point chosen, a linear model of
the plant Gj is obtained using Eqs. (12–20). The model is
augmented by the actuator and the PI/P controllers (Fig. 5);
thus, the shaped plant Gs;j is calculated. The gains of the PI/P
controllers are taken as linear interpolations over four
scheduling regions (Fig. 6), according to the location of the
synthesis point. For the shaped plant Gs;j, a static H1 output
feedback,H1 controllerK1j is computed using Theorem1 and
the corresponding robustness margin �j � 	�1j is obtained from

the LMI optimization procedure.

Step 3: Line Search or Reset. Performing a line search for
constant M and for increasing values of �r and applying the
same procedure as for the initial point Pj, successive shaped
plants Gs;f are computed until the gap �g�Gs;j; Gs;f� between
the initial shaped plantGs;j and a successive oneGs;f is less than
or equal to the robustness margin �j of the initial plant in step 2.
If this is the case, a new operating point is chosen and the
algorithm jumps to step 2 except for the case in which the end
of the flight envelope is reached. In this case, even if
�g�Gs;j; Gs;f�< �j, the point is selected and the procedure is
restarted using the next value ofM (this is done for allM 2 SM).

A set of synthesis points is thus obtained following a sys-
tematic procedure and avoiding ad hoc rectangular gridding of the
flight envelope. A set of static controllers is also obtained for the
corresponding operating points, increasing in thisway the robustness
margins of the plant. In Fig. 7, the 	 attained aswell as the elements of
the staticH1 controller gainmatricesK1 for all computed operating
points are shown for a three element set SM.

V. Nonlinear Controller Construction

A. Controller Form

The global nonlinear gain-scheduled controller is detailed in this
section. A controller of this form is used to cover the whole flight
envelope of the missile by properly updating the gains KP, Kq, Ki,
and K1 � �K1 K2 �, according to the scheduling vector %. In
addition, two feedforward controllers, Gr � K=�s� Kr� and
Gcon � Kcon=�s� Kcon�, are used to smooth the reference signal
and the gains of the controllers when changing reference points. The
time constants of these controllers may be fine-tuned by simulations
and are comparable to the time constant of the performance required
(see Sec. VI.A for details).

Before giving the form of the gain-scheduled controller (the
feedforward action is not taken into account in the equations for the
sake of simplicity), two important requirements are noted, following
the analysis in [1,2]:

1) The output of the gain-scheduled controller should eliminate
the error between the output and the reference, thus providing
appropriate steady-state control inputs to the plant for each
frozen value of the reference signal. This is ensured by the
combined action of the nominal control and the integral effort of
the PI controller.
2) The linearization of the gain-scheduled controller at the
synthesis points should match the linear controllers designed to
ensure valid local stability and performance requirements for
the linear plants.

Fig. 6 PI/P controller gain surfaces.
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Apossible but not unique realization of this global gain-scheduled
controller (Fig. 8) is (x� �� q �T , _xc � ��, u� �, y� � � q �T),

_x c � Ac�%��xc � xc;r�%�� � Bc�%��y � yr�%�� (31)

u� Cc�%��xc � xc;r�%�� �Dc�%��y � yr�%�� � ur�%� (32)

The controller matrices are given by

Ac�%� � 0 (33)

.

Bc�%� � � 1 0 � (34)

Cc�%� � K1�%�Ki�%� (35)

Dc�%� � �K1�%�Kp�%� K2�%�Kq�%� � (36)

B. Controller Gain Interpolation

The scheduling mechanism permitting the interpolation of the
gains of the PI/P and the loop-shaping controller, thus covering the
flight envelope of the missile, is detailed in this section.

The gains of the PI/P controllers are scheduled using the nine
synthesis points (see Fig. 6) that form four trapezoidal interpolation
regions. All three time-varying gains are scheduled according to the
evolution of the scheduling vector and by using the corners of the
corresponding trapezoid (where the corners are numbered by indices
1, 2, 3, and 4 in a counterclockwise manner, starting from the lower
left corner).

Given a reference trajectory pointP,find the coordinatesP14 of the
point being the projection of P onto the side d14 of the trapezoid.
Then, find a linear interpolation for the gains using the controllers
of the corners 1 and 4. Obtain also the gains on the symmetrical
projection of point P onto the side d23 of the trapezoid (point P23)
using the controllers of the corners 2 and 3. Finally, perform a linear
interpolation between the gains at points P14 and P23 to obtain the
final interpolated gains at point P.

The gains of the static H1 controller are scheduled using the
family of synthesis points obtained after applying the gap metric
selection algorithm (Sec. IV.E). The flight envelope is divided into
a number of horizontal bands equal to the number of intervals of
SM (see Fig. 9). As the reference trajectory moves onto the flight
envelope, it passes from one band to another. Each band is
triangulated using Delaunay triangulation of the synthesis points,
and the gains are interpolated using the triangle that contains the

Fig. 7 Performance level and static controller gains.
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current reference point. To perform the triangular interpolation, the
plane defined by the gains of each triangle corner is used to compute
the value of each gain for any point in the triangle.

VI. Simulation Results

A. Trimming and Linear Analysis

In this section, feedforward gain trimming and linear simulation
results are presented.

Before performing the nonlinear simulations of the next sections,
the gains Kr and Kcon of the feedforward controllers (applied on the
reference trajectory and on the interpolated gains) detailed in
Sec. V.A should be selected. Two sets, Sr � �4; 4:1; . . . ; 5� and
Scon � �7; 7:25; . . . ; 9�, of values for the gains are defined, and the
nonlinear controller is simulated for a 30g reference step. To decide
on the choice for the gains, the rise and settling times as a function of
the overshoot and the minimum as a function of the maximum
percentages of the output’s deviation with respect to the reference
signal are plotted (see Fig. 10).

From the figures it can be seen that, for each one of the 11 families
of points (each one corresponding to a constant value ofKr), the rise
and settling times get smaller whereas the overshoot gets bigger.
Meanwhile the minimum and maximum deviations get bigger. By
inspecting the step response in Fig. 10, a good tradeoff between all
these constraints is achieved for Kr � 4:4 and Kcon � 8:25 (thick
black line). These values are used from now on for the following
sections.

To investigate the plant’s robustness with the PI/P and the loop-
shaping controllers, the plant is linearized at 200 random points
inside its flight envelope. (The pseudorandom number generator
used here and in the following sections uses a Gaussian distribution
with zero mean and unitary standard deviation; the results are scaled
afterward to produce numbers with an appropriate standard
deviation.) The appropriate gains are computed by interpolation and
the open-loop transfer function from the input of the actuator to the
output of the loop-shaping controller is obtained. The robustness
margins are shownon aNichols chart (see Fig. 11); it can be observed
that the minimum gain/phase margins are 10.5 dB and 51 deg,
respectively.

B. Nonlinear Simulations: Nominal Case

In this section, the gain-scheduled nonlinear controller is
simulated with nominal values of the missile’s aerodynamic
coefficients. The scope of these simulations is to demonstrate the
fulfillment of the performance specifications, P1 and P2, from
Sec. II.B.

In Fig. 12, the reference and the real missile trajectories are shown
(�r and �) for a typical tracking scenario [6]. In Fig. 13a, the tail
deflection control signal before and after the actuator (�c and �; thin
lines) as well as the nominal control �r (thick line) are presented,

whereas, in Fig. 13b, the tail deflection rate _� is illustrated. It can be
seen that the influence of the actuator on the control signal is not
noticeable and, in addition, the tail deflection rate is quite small, thus
avoiding the overexcitement of the actuator.

Finally, in Table 3, the performance of the autopilot is tabulated
(corresponding to P1 and P2 from Sec. II.B) for the four changes of
the tracked reference signal �r, as in Fig. 12. The constraints are well
respected while maintaining low rates for the control signal, except

Fig. 10 Feedforward gain optimization.

Fig. 11 Nichols chart of the linearized open loops.

Fig. 12 Reference and real trajectory.

Fig. 13 Control signal and its derivative.
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for the steady-state error of points 3 and 4, for which a small violation
is observed.

The missile’s state is shown in Fig. 14, whereas, in Fig. 15 the
gains of the gain-scheduled controller are presented as a function of
time. It can be observed that the gains evolve smoothly and no abrupt
changes are caused by the changing of operating points. In addition,
the gains do not reach a steady state for every operating point, as this
is slowly varying due to Mach variation following Eq. (9), thus
adapting to this change.

C. Nonlinear Simulations: Perturbed Case

In this section, the robustness of the proposed gain-scheduled
controller is tested according to the demands R1 and R2 from
Sec. II.B. As far as R1 is concerned, a Monte Carlo analysis of the
missile output is run for 150 perturbed combinations of (am, bm, and
cm) and dm around their nominal values found in Table 1 (see
Fig. 16).

In addition, the proposed control scheme’s sensitivity to loop gain/
delay augmentation is tested. First, the loop gain is changed slowly
from 0.75 to 3.2 (corresponding to the 10.1 dB of the gain margin in
Sec. VI.A) (see Fig. 17) and, second, the loop delay is changed from
0 to 30 ms (see Fig. 18). The excellent behavior of the controller in
the face of the aforementioned uncertainties is observed.

Finally, as far as demand R2 is concerned, the open-loop
magnitude frequency response of the family of systems obtained in
Sec. VI.A is shown (see Fig. 19). A small of violation of the�30 dB
constraint at 300 rad=s is observed; the range of the magnitude
frequency response for the linear systems varies from �26 to
�34 dB.

In the previous simulations, the nonlinear controller was supposed
to be perfectly computed and implemented on the system. The PI/P

Table 3 Autopilot performance

Pointa 1 2 3 4

Time constant; �, s 0.253 0.266 0.246 0.322
Overshoot, % 2.26 5.55 0 5
Steady-state error, % 0.33 0.077 1.5 1.33
Deflection rate b, deg =s 4.55 6.16 6.72 6.83

aThis row sorts the four transitions of the reference signal �r as seen in Fig. 12.
bThis value corresponds to the normalized (divided by the step amplitude) rate
of � of Fig. 13.

Fig. 14 Missile state.

Fig. 15 Controller gains.

Fig. 16 Parametric robustness of the controller.
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filter gains, particularly, are optimized following the procedure in
Sec. IV.C at nine operating points, leaving to theH1 controllers the
task of robustifying the closed loop. However, in practice, these
filters are seldom well adjusted or they are held fixed for a large part
of the flight envelope to reduce complexity of the offline controller
computation procedure. In the following analysis, the gains Kq, Kp,
and Ki are randomly and independently perturbed by 30% around

their nominal values, and the very good behavior of the plant’s output
is demonstrated (see Fig. 20).

The overall performance of the gain-scheduled control scheme
proposed in this paper is clearly superior to the ones proposed in
[6,7,9–13], both in terms of performance and/or robustness of the
closed loop and in terms of control effort. It does not, however,
provide absolute performance with regard to the advantages of this
approach, but it does provide simplicity concerning the LTI
controllers and the generality with which the autopilot problem is
attacked (e.g., operating point selection, interpolation). In addition,
in this work, the control scheme proposed has been exhaustively
tested with extensive simulations.

VII. Conclusions

In this paper, a novel method for obtaining gain-scheduling
controllers for nonlinear-parameter-dependent systems is proposed,
offering several enhancements over the existing practice. The goal
was threefold and focused on the amelioration of each step of the
linearization-based gain-scheduling procedure. The first goal
concerns the operating point selection problem; here, an algorithm
based on the gap metric is proposed, permitting the avoidance of
ad hoc rectangular gridding of the operating domain of the system.
The second goal concerns the choice of the simplest possible
structure of the linear time invariant controllers used by the gain-
scheduling controller for reasons of computational ease and
implementability. StaticH1 output feedback controllers are used for
linear models of the missile shaped by appropriate pre/postfilters of
the simplest possible form (proportional and proportional/integral
controllers). These robust controllers are, in fact, dictated by the use
of the gap metric-based algorithm when choosing the synthesis
points of the system. Finally, the third goalwas to obtain amethod for
scheduling the computed controllers that was not redundant, that was
easy to calculate, and that would also offer very good results when
being used to form the final global nonlinear gain-scheduled
controller. This method was based on Delaunay triangulation of the
operating domain of the system using the synthesis points calculated
by the operating point selection algorithm.

The control scheme considered is applied to a well-known
benchmark system, namely, the pitch-axis model of an air–air
missile. This system, even though it does not correspond to a real-
world one, is very close to the models used in the industry and stays
sufficiently globally nonlinear for these types of autopilot controllers
to be tested. The problem for the gain-scheduled controller is to
properly track vertical acceleration reference signals with a given
strict output performance and actuator rate constraints. In addition,
several parametric and frequency robustness constraints are im-
posed and the controller is tested for these and for additional
ones concerning heavy loop gain/delay alterations or controller
uncertainties.

Fig. 17 Loop gain robustness of the controller.

Fig. 18 Loop delay robustness of the controller.

Fig. 19 Frequency response of the linear plants.

Fig. 20 PI/P controller perturbation.
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The method proposed, even though it offers only local stability
guaranties for the system, yields the same or better performance and/
or robustness than existing design methods but with a simple
structure that could be easily implemented on a real-world system. In
addition, it remains sufficiently generic for use in other types of
systems as its computation procedure remains method oriented and
not application oriented. Future work will involve ameliorating the
gap metric algorithm using triangular division of the operating
domain and testing on a new multi-input/multi-output system.
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